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ABSTRACT
Partially massless in three dimensions is revisited and its relationship with the self-dual massive gravity is considered.
The only mode of the partially massless is shown explicitly through of an action for a scalar field on (A)dS background.
This fact can be generalized to higher dimensions. This degree of freedom is altered when a triadic Chern-Simons is
introduced, giving rise to the self dual massive gravity on (A)dS background. We present another physical system
with partially massless symmetry and its connection with topologically massive gravity is discussed.
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I. INTRODUCTION
Partially massless is an interesting property of massive spin 2 on a gravitational background with cosmological
constant [1] and also for higher spin [2]. It is characterized by the appearance of a novel gauge symmetry when the
mass parameter in the Fierz-Pauli action, is fixed to certain value of the cosmological constant (µ = 2
D−1Λ). This is
an allure fact in the issue of the cosmological constant problem. The gauge parameter is a scalar, which allow the
removal of the helicity zero mode and then reducing by one the number of degrees of freedom of the massive spin 2
field. The partially massless theory has aspects very similar to the Maxwell theory [3], its action can be described
in terms of a gauge invariant field strenght, conformally invariant [4], stable [5] and enjoying duality symmetry [6]
[7]. These facts suggest a non linear generalization of the partially massless theory, but only obstructions and no
go theorems which hamper this construction [8] has been developed. Despite this drawback, there is no conclusive
conclusion until now. Recently, it has been found massive graviton with partially massless symmetry beyond the usual
(A)dS background [9] and a non linear bimetric model with partially massless symmetry has been proposed [10]. On
the other hand, in three dimensions, it is possible the formulation of a non linear (quadratic in curvature), covariant
version for massive spin 2, known as new massive gravity [11], where its linearization on background (A)dS lead to the
partially massless phenomena in three dimensions [12]. However, at non-linear level, the partially massless symmetry
appears as an unstable point in the non perturbative canonical structure [13], i. e., the partially massless appears
as an accident in the procedure of linearization [14]. A similar phenomenon appear in the linearization of the lim
µ→∞ of the new massive gravity [15] (and also in the limit µ→∞ of the called topologically new massive gravity
[16]), where a conformal symmetry appear which is absent at non linear level [17]. Also, no go arguments against
the construction of a full non linear partially massless in three dimensions has been advocated [18]. Nevertheless,
we consider the partially massless phenomenon at linearized level on (A)dS, in three dimesions and find out some
interesting results. An attempt to consider the partially massless theory in three dimensions, in another context, was
considered in [19].
In this paper, we will consider linearized partially massless in three dimensions from the point of view of frame-
like description and show explicitly that this describes one scalar mode. The partially massless on (A)dS for higher
spin symmetric fields using a frame-like formulation, for arbitrary dimensions, has been developed in [20]. The
action associated with this degree of freedom can be seen as the minimal coupling of the (trivial in flat spacetime)
linearized three dimensional Einstein-Hilbert action on (A)dS gravitational background. It is known that fields on
(A)dS background behave different as they are in flat spacetime ([23]) and partially massless in three dimensions
is an example of this fact. The generalization of this behavior for mixed symmetry fields in higher dimensions is
considered. We will see that there exist a relationship with the self dual massive gravity [21]. The scalar excitation of
the partially massless is transmuted in a massive spin 2 field when it is coupled, in the frame-like description, with a
triadic Chern-Simons action, resulting in an equivalent description of the self dual massive gravity from which we can
2obtain a second order formulation with explicit partially massless symmetry. We show that this last formulation is
the partially massless version on a (A)dS background of a second order system formulated in [30]. In a flat spacetime,
from this second order formulation, we can reach the topologically massive gravity [22], i. e., the self dual massive
gravity is equivalent([21],[29]) to the topologically massive gravity. But as the topologically massive gravity on a
(A)dS does not possess partially massless symmetry we will see that its equivalence with the self dual massive gravity
is broken at this level.
II. PARTIALLY MASSLESS IN THREE DIMENSIONS
In this section, we consider the partially massless theory in three dimensions from a frame-like perspective, instead
of a linearized metric formulation. To start with, we write the first order formalism for massive spin 2 in (A)dS
background in three dimensions, where the independent fields are emn and ωmn. We denote the metric of the (A)dS
background as g and the covariant derivative on this background by ∇. We use the convention that [∇m,∇n]vp =
Rmnpqv
q with Rmnpq = Λ(gmpgnq − gnpgmq) and a metric with a signature mostly positive. The action is
I =
∫
d3x
√−g[ωmqηmnpgqr∇nepr − 1
2
(ωmnω
nm − ω2) + 1
2
Λ(emne
nm − e2)− µ2(emnenm − e2)], (1)
where µ is the mass parameter of the massive spin 2 field. The mass term spoils diffeomorphism and local Lorentz
symmetries (δemn = ∇mζn + ǫmnrlr and δωmn = ∇mln − Λǫmnrζr). The field equations obtained from independent
variations on emn and ωmn are
ηmpq∇pωnq + [Λ− µ2](enm − gmne) = 0 (2)
and
ηmpq∇penq − (ωnm − gmnω) = 0, (3)
where ηmnp ≡ 1√−g ǫmnp. This last equation can be solved for ωmn in terms of the dreibein giving the following
expression :
ωmn = ηnpq∇pemq −
1
2
gmnηpqr∇peqr ≡Wmn(e) (4)
and after substituting into the action and decomposing the dreibein in its symmetric and antisymmetric components
as emn = hmn + ηmnpv
p with hmn = hnm, we obtain
I =
∫
d3x
√−g[ − 1
2
∇phmn∇phmn + 1
2
∇ph∇ph−∇mh∇nhmn +∇nhmp∇phmn
+ 2Λhmn(h
mn − 1
2
gmnh)− 1
2
µ2(hmnh
mn − h2)− Λvmvm]. (5)
The symmetric and antisymmetric components of the dreibein are decoupled. As is well known, this action lead
to the propagation of two local degrees of freedom. In three dimensions, the transverse traceless component of hmn
(hTtij ) vanishes identically and these excitations are scalar modes, specifically, they are longitudinal components of hij .
The partially massless condition in three dimensions is specified by the following condition
µ2 = Λ. (6)
In consequence, the partially massless action in three dimensions is simply described by the action:
I =
∫
d3x[ωmqǫ
mnp∇neqp −
1
2
√−g(ωmnωnm − ω2)]. (7)
It looks like the linearized Einstein-Hilbert action coupled minimally on a gravitational background. The field equation
which are obtained from this action, after making independent variations on eam is
ηmnpDnω
q
p = 0, (8)
3while equation (3) (obtained after independent variations on ωam) is not altered. If we substitute (4) into (7), we
obtain
I =
∫
d3x
√−g[ − 1
2
∇phmn∇phmn + 1
2
∇ph∇ph−∇mh∇nhmn +∇nhmp∇phmn
+
3
2
Λhmnh
mn − 1
2
h2 − Λvmvm], (9)
which is just the second order action for partially massless in three dimensions, in terms of the symmetric field hmn
(the antisymmetric field fmn is decoupled). This action is invariant under
δemn = ∇m∇nζ + Λgmnζ = δhmn; δfmn = 0
δωmn = 0 , (10)
which characterize the gauge transformations of the partially massless in three dimensions.
The solution of equation (8) is
ωmn = ∇m∇nϕ+ Λgmnϕ, (11)
where ϕ is a scalar field. Substitution of this solution in the first order action of partially massless (7) show us the
existence of one scalar excitation:
I = Λ
∫
d3x
√−g[−gmn∇mϕ∇nϕ+ 3Λϕ2]. (12)
Also, this scalar excitation can be illustrated by analyzing the field equations of the partially massless. The anti-
symmetric part of the field equation (8) tell us that ∇mωnn −∇nωmn = 0, while the covariant divergence ∇m of (eq.
8) lead to the vanishing of the antisymmetric part of ωmn. Now, by taking the covariant divergence to (eq. 3), we
obtain that the antisymmetric component of emn vanishes on-shell, i. e., emn ≡ hmn = hnm and considering the
antisymmetry of the field equation (3), the constraint ∇nhmn − ∇mh = 0 emerges. Finally, the trace of (eq. 3)
conduce to the vanishing of the trace of ωmn, i. e.: ω
m
m = 0. Since the solution for partially massless has been found
(eq. (11)), we have that
ωmm = 0⇒ (∇2 + 3Λ)ϕ = 0, (13)
which is just the field equation what one derives from the action (12).
If the space-time is flat, the solution of (8) is a pure gauge (ωmn = ∂mλn) which leads to the triviality of the
action, i.e., the absence of massless graviton in three dimensions. We have seen that the partially massless action in
three dimensions looks as if the trivial massless spin 2 action in three dimensions is turned on when it is minimally
coupled on (A)dS gravitational background and illustrates the fact that massless fields on (A)dS spacetime do have
different behavior than showed in flat spacetime [23]. This phenomenon also occur in dimensions greater than three.
For instance, in four dimensions, it is well known that the massless Curtright field (T pmn)([24] does not propagate on
flat spacetime and can be described by the following first order action ([25], [26])
I =
∫
d4x[ωrmǫ
mnpq∂nT
r
pq −
1
2
(ωmnω
nm − ω2)], (14)
where ωmn plays the role of a Lagrange multiplier, which can be eliminated using and solving its field equation. After
substituting its value into the action, the second order action for the Curtright field is obtained. Now, we consider
the minimal coupling of the action (14) on (A)dS gravitational background:
I =
∫
d4x[ωrmη
mnpq∇nT rpq −
1
2
√−g(gmpgnqωmnωqp − (gmnωmn)2)], (15)
which has invariance under the following novel gauge transformations:
δT pmn = g
pq(∇m∇qζn −∇n∇qζm) + Λ
3
(δpmζn − δpnζm),
δωmn = 0. (16)
This symmetry can be considered as a generalization of the partially massless gauge transformation for the Curtright
field. It is worth recalling that this symmetry is characterized by a vector parameter instead of a scalar. The field
equation obtained by independent variations on T rpq;
ηmnpqDmω
r
n = 0, (17)
4has the following solution:
ωnr = ∇n∇rϕ+ 1
3
Λgnrϕ (18)
and after inserting into (15), we arrive to
I = Λ
∫
d4x
√−g[−1
2
gmn∇mϕ∇nϕ+ 2
3
Λϕ2]. (19)
The extension to higher dimension with general mixed symmetry fields is given by the following action
I =
∫
dDx[ωmqη
mnp1...pD−2∇nT qp1...pD−2 −
1
2
√−g(gmpgnqωmnωqp − (gmnωmn)2)] (20)
and the solution of ηmnp1...pD−2∇mωqn = 0 is ωnr = ∇n∇rϕ+ 2(D−2)(D−1)Λgnrϕ, which lead to the action
I = Λ
∫
dDx
√−g[− 1
(D − 2)g
mn∇mϕ∇nϕ+ 2D
(D − 2)2(D − 1)Λϕ
2]. (21)
Now, we return to three dimensions. In the next section, the dynamical self dual massive gravity [21] on (A)dS is
considered and linked with the partially massless theory through a triadic Chern-Simons term.
III. SELF DUAL MASSIVE GRAVITY ON (A)DS BACKGROUND
In this section we will establish the relationship between the self dual massive gravity and the partially massless
theory in three dimensions. We start by revising the self dual on (A)dS, which has been considered in [27] and [28].
First of all, we will check on the propagation of only one degree of freedom on (A)dS. We denote the self dual massive
spin 2 by wmn and the first order action for wmn minimally coupled is written down as
I =
∫
d3x
√−g[ 1
2
wqmη
mnp∇nwqp −
1
2
√−gµgmqgnp(wmnwpq − wmqwnp)]. (22)
The field equation is
Emq ≡ ǫmnp∇nwqp − µ
√−g(wqm − gmqw) = 0. (23)
By considering the trace, we obtain
w = − 1
2µ
ηpqr∇pwqr , (24)
while applying a covariant divergence yields
∇mwmn − gmn∇mw = −Λ
µ
ηnpqwpq (25)
and considering the antisymmetric part of the field equation lead to
∇mwmn − gmn∇mw = µηnpqwpq. (26)
The last two equations told us
(µ2 + Λ)ηnpqwpq = 0. (27)
For dS space time Λ > 0 and avoiding the Breitenlohner-Freedman bound: µ2 = −Λ in three dimensions, we have
that
ηnpqwpq = 0. (28)
In consequence, the antisymmetric component of wmn is vanishing on shell. Then, the trace of wmn, according
(24) disappears on shell and also wmn has a null covariant divergence (∇mwmn = 0). Therefore, on shell, wmn is
5symmetric, transverse and traceless, which we denote by hTtmn. These constraints reduce the nine components of wmn
to two and the field equation boils down to
ηmpq∇phnTtq − µhmnTt = 0 (29)
or
P pq−mn h
Tt
pq = 0, (30)
where
P pq±mn ≡
1
4
[(δpmδ
q
n + δ
q
mδ
p
n)± (ηprm
∇r
µ
δqn + η
qr
m
∇r
µ
δpn)], (31)
are parity sensitive operators which allow the decomposition of the two components of hTtmn:
hTtmn = P
pq+
mn h
Tt
pq + P
pq−
mn h
Tt
pq , (32)
in a such way that
hmn = h
Tt+
mn + h
Tt−
mn and h
Tt+
mn − hTt−mn =
1
µ
(ηpqm∇phqn + ηpqn ∇phqm) (33)
In this way, the self dual massive spin 2 keeps the propagation of one degree of freedom when is minimally coupled
on (A)dS background, namely hTt+mn , since h
Tt−
mn = 0 on shell. By iterating the field equation, we obtain that h
Tt+
mn
satisfies
[− (µ2 + 3Λ)]hTt+mn = 0. (34)
Having checked out that the self dual massive gravity keeps the propagation of only one degree of freedom, we
proceed to see the relationship with the partially masslees model in three dimensions- We rewrite the action (22) as
I =
∫
d3x
√−g[wmqηmnp∇ne˜qp −
1
2
e˜mqη
mnp∇ne˜qp −
1
2
√−gµgmqgnp(wmnwpq − wmqwnp)], (35)
where we have introduced an auxiliary field e˜mn such that after integrating out through its field equation: η
mnpDne˜
q
p =
ηmnpDnw
q
p, we recover (22). This is another way to rewrite the self dual action for massive spin 2 field on (A)dS. In
a flat spacetime , this action was introduced in [21] from which a second order action can be reached (after using the
solution of the field equation derived from independent variations on wmn) and this second order action can be used to
establish the equivalence with the third order topologically massive gravity [29]. As we will see, this equivalence will
be broken on (A)dS, due the topologically massive gravity does not enjoy the partially massless symmetry. Making
the following redefinitions
wmn → 1√
µ
ωmn, e˜mn → √µemn, (36)
we obtain
I =
∫
d3x[ωmqǫ
mnp∇neqp −
1
2
√−g(ωmnωnm − ω2)]− 1
2
µemqǫ
mnp∇neqp], (37)
which is just the partially massless three dimensional action augmented by a Chern-Simons term for emn. This
action is invariant under the partially massless gauge transformations (10). In this way, the self dual massive gravity
on (A)dS background is related with the partially massless theory in three dimensions. From (37), we have that
wmn ≡Wmn(e) as given by (4), is solution of the equation coming from after realizing independent variations on wmn
and plugging into the action (37), we obtain the following second order action
I =
∫
d3x[
1
2
emqǫ
mnp∇nW qp(e) −
1
2
µemqǫ
mnp∇neqp]. (38)
This action is clearly invariant under the partially massless symmetry and dual equivalent to the self dual massive
spin 2 on (A)dS. If we decompose emn in its symmetric and antisymmetric parts (emn = hmn + ηmnpv
p), it is
straightforward to show that
ηmpq∇pWnq(e) = −2Gmnlin(h) − Λ(hmn − gmnh) + Ληmnpvp, (39)
6where
Glinmn ≡ Rlinmn −
1
2
gmnR
lin − 2Λgmnh (40)
is the linearized Einstein tensor with
Rlinmn = −
1
2
[∇2hmn +∇m∇nh−∇p∇mhnp −∇p∇nhmp] (41)
and
Rlin = −[∇2h−∇p∇qhpq]− 2Λh, (42)
being the linearized Ricci and scalar curvature, respectively. Thus, the action (38) is rewritten as
I =
∫
d3x
√−g[ − 1
2
∇phmn∇phmn + 1
2
∇ph∇ph−∇mh∇nhmn +∇nhmp∇phmn
+
3
2
Λhmnh
mn − 1
2
Λh2 − 1
2
µhmqη
mnp∇nhqp + µvm(∇nhmn −∇mh)
+
1
2
µvmη
mnp∇nvp − Λvmvm]. (43)
IV. NEW MODEL WITH PARTIALLY MASSLESS
In [30] the physical system, in flat spacetime, described by the following action
I =
∫
d3x[
1
2
emqǫ
mnp∂nW
q
p(e) −
1
2
µemqǫ
mnp∂ne
q
p −
1
2
M2(emne
nm − e2)]. (44)
was shown to describe the propagation of two healthy physical degrees of freedom with energy bounded from below
and masses different: M± = ± 12µ +
√
1
4µ
2 +M2. Also, this system was shown to be dual equivalent ([29]) to the
dubbed General Massive Gravity ([11], [12]). In terms of the symmetric (hmn) and antisymmetric (vm) of emn, the
action (44) is written out as
I =
∫
d3x[ − 1
2
∂phmn∂
phmn +
1
2
∂ph∂ph− ∂mh∂nhmn + ∂nhmp∂phmn
− 1
2
M2(hmnh
mn − h2)− 1
2
µhmqǫ
mnp∂nh
q
p + µv
m(∂nhmn − ∂mh)
+
1
2
µvmǫ
mnp∂nvp −M2vmvm]. (45)
In this section, we will show that the generalization of (45) on (A)dS enjoys of the partially massless symmetry and
coincides with (43), at this point. The action (44) is written, on (A)dS background, as
I =
∫
d3x
√−g[ − 1
2
∇phmn∇phmn + 1
2
∇ph∇ph−∇mh∇nhmn +∇nhmp∇phmn
− 1
2
M2(hmnh
mn − h2) + 2Λ(hmnhmn − 1
2
h2)− 1
2
µhmqη
mnp∇nhqp +
+
1
2
µvmη
mnp∂nvp + µv
m(∇nhmn −∇mh)−M2vmvm]. (46)
Now, we will show that this action describes the propagation of two degrees of freedom and how the partially
massless symmetry arises from this action at the point M2 = Λ . The field equations which are obtained after
independent variation on hmnand vm are
Gmn ≡ hmn +∇m∇nh−∇p∇mhpn −∇p∇nhpm − gmn(h−∇p∇qhpq)
− M2(hmn − gmnh) + 4Λ(hmn − 1
2
gmnh)− µ
2
(ηpqm∇phqn + ηpqn ∇phqm)
− µ
2
(∇mvn +∇nvm) + µgmn∇pvp = 0 (47)
7and
Fm ≡ ηmnp∇nvp + (∇nhmn −∇mh)− 2M
2
µ
vm = 0. (48)
The trace of (47) tell us that
G = (h−∇p∇qhpq) + 2(Λ−M2)h− 2µ∇pvp = 0, (49)
while the double covariant divergence of (47) lead to
∇m∇nGmn = M2(h− gmn∇p∇qhpq) = 0. (50)
From the covariant divergence of (48), we obtain that
∇mFm = (h− gmn∇p∇qhpq)− 2M
2
µ
∇mvm = 0. (51)
Thus, by taking into account (49), (50) and (51), we arrive to
(Λ −M2)h = 0. (52)
If Λ −M2 6= 0, we have that hmn is traceless: h = 0, and transverse: ∇nhmn = 0, moreover the vector field vm is
vanishing on shell, therefore the field equation (47) is reduced to
(hmn − 2Λhmn −M2hmn − µ
2
(ηpqm∇phqn + ηpqn ∇phqm)) = 0 (53)
and considering the decomposition of hmn in its 2 sensitive parity components (h
+
mn+h
−
mn), we have the propagation
of two degrees of freedom characterized by field equations:
[∓ µ2 − (M2 + 2Λ)]h±mn = 0, (54)
with masses given by M± = ± 12µ+
√
1
4µ
2 +M2.
On the other hand, the partially massless symmetry arises when: Λ =M2. In fact, at this point, the action (46) is
just our second order action for the self dual massive gravity(43), obtained in the last section with explicit partially
massless symmetry.
We can modify the action (38), by introducing a new auxiliary field vmn, as was realized in [29] at flat spacetime:
I =
∫
d3x
1
2
emqǫ
mnp∇nW qp(e) − µ
∫
d3xvmqǫ
mnp∇neqp +
1
2
µ
∫
d3xvmqǫ
mnp∇nvqp. (55)
In fact, the elimination of the auxiliary field vmn by using its field equation:
ǫmnp∇neqp = ǫmnp∇nvqp, (56)
lead to recover the action (38). On the other hand, independent variation on emn yields
ǫmnp∇nW qp(e) = µǫmnp∇nvqp (57)
and using this result, we arrive to a third order action:
I =
∫
d3x− 1
2
emqǫ
mnp∇nW qp(e) +
1
2µ
∫
d3xWmq(e)ǫ
mnp∇nW qp(e). (58)
or
I =
∫
d3x[−1
2
hmnG
mn
lin +
1
2µ
hmnC
mn] (59)
− Λ
∫
d3x
√−g[ 1
2µ
emqη
mnp∇neqp −
1
2
√−gµgmqgnp(emnepq − emqenp)],
being
Cmn ≡ ηmpq∇p(Rnq −
1
4
δnq − 2Λhnq ), (60)
the linearized Cotton tensor, which is symmetric, free divergence and traceless. If the spacetime is flat, this action
is the linearized topologically massive gravity. But this is not the case, we have the topologically massive gravity
augmented with a self dual action for emn. On a flat spacetime, each of the two terms can make unstable the
topologically massive gravity, the hamiltonian is not bounded from below ([30]) although some restrictions of mass
ratio might restore unitarity ([31]). It will deserve an additional study of the action (59).
8V. CONCLUSIONS
We have seen how the scalar excitation of the partially massless in three dimensions can be understood as emerging
from the linearized Einstein-Hilbert action, when it is turned on (A)dS gravitational background. This phenomenon
was extended to higher dimensions, where mixed symmetry fields are locally trivial, for instance the Curtright field
in four dimensions. Moreover, the self dual massive gravity on (A)dS background looks like the partially massless
coupled with a triadic Chern-Simons term, which generates a change from the partially massless mode to a massive
spin 2 mode. From the self dual action we have obtained a new physical model described by second order field
equations and having explicit partially massless symmetry. Finally, we have seen that the equivalence with the purely
topologically massive gravity on (A)dS is spoiled by a triadic self dual action, as is indicated in (59).
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